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Abstract

This article describes a collocation method for solving an equation containing the fractional
Riemann-Liouville integral of the form, form, roe — regular integral, — known constant
coefficients, — given as well - the desired function. An approximate solution is sought in
the form of an algebraic polynomial. In constructing the computational scheme of the
method, quadrature interpolation type formulas are used to calculate the fractional
Riemann — Liouville integral, which were constructed in previous works of the authors.
According to the collocation method, unknown coefficients are found by solving a system
of linear equations of the collocation method. The substantiation of the constructed method
is carried out, which implies the proof of the existence, the uniqueness of the approximate
solution, and also its stability. A model equation was constructed and its numerical solution
was performed by the indicated collocation method. The implementation of the method
was carried out in the Wolfram Mathematica system.

Keywords

Fractional integral — Fractional derivative — Riemann-Liouville integral
Fractional integration — Fractional differentiation

Para Citar este Articulo:
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Introduction

Fractional calculation methods are widely used in science and technology.
For example, with the help of fractional derivatives, the propagation of signals and
the behavior of biological systems are investigated'. Therefore, the study and
conclusion of new methods of fractional calculus is the current direction. At
present, fractional integrals and derivatives of Riemann-Liouville, Weil, Hadamard,
etc. are used and investigated. Previously, we derived formulas for representing

an interpolation operator that assigns 27 - a periodic function with zero mean
value, a trigonometric polynomial, and a quadrature formula for the fractional Weyl
integral is constructed. Weil fractional integrals are also studied in Wang, et al.?,
the properties of fractional derivatives of Riemann-Liouville and Hadamard were
generalized, it was shown that, under certain assumptions, different definitions of
fractional derivatives and integrals can be considered as special cases of a single
unifying model of fractional calculus.

Currently, active research is being conducted on approximate methods for
solving integral and differential equations. For example, fractional differential
equations are considered in Vu®. In Malawi, et al., approximate calculations of
equations with fractional derivatives are considered. This makes the task of finding
and substantiating methods for solving integral equations containing fractional
integrals relevant.
020000= )j ot a
integrals , and

If a (o(x) eCla,b]

(12 9)(X) = j ¢(tladt,x<b

(e ) , where &> 0, are called fractional integrals ¢ in
Riemann-Liouville. Integrals of this type are studied by mathematicians. For
example, inequalities were proved in Nasibullin® in the case when the weight
functions have power and logarithmic singularities. Earlier we constructed
quadrature interpolation type formulas for calculating the fractional Riemann —

Liouville integral (Ia+¢)(x) and the quadrature formula for the singular integral with
the Cauchy kernel of the fractional Riemann — Liouville integral.

''s. vitali and F. Mainardi, Fractional Cable Model for Signal Conduction in Spiny Neuronal
Dendrites // 1st International Conference on Applied Mathematics and Computer Science (ICAMCS)
APPLIED MATHEMATICS AND COMPUTER SCIENCE, AIP Conference Proceedings, vol. 1836,
Ne UNSP 020004-1. 2017.

2J.R. Wang; Q. Chen and C. Zhu, “Periodic solutions of Weyl fractional order integral systems”,
Mathematlcal Methods in the Applied Sciences, Vol: 40 num 1 (2017): 137-145.

® H. Vu, “Random fractional functional differential equations”, International Journal of Nonlinear
AnaIyS|s and Applications, Vol: 7 num 2 (2016): 253-267.

* F. Malawi; J. F. Alzaidy and R. M. Hafez, “Application of a Legendre collocation method to the
space-time variable fractional-order advection-dispersion equation”. Journal of Taibah University for
Science Vol: 13 num 1 (2019): 324-330.
® R. Nasibullin, “Hardy Type Inequalities for Fractional Integrals and Derivatives of Riemann-
Liouville”, Lobachevsky Journal of Mathematics, Vol: 38 num 4 (2017): 709-718.
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Methods
The computational scheme of the collocation method is constructed using
the previously derived quadrature formulas. In assessing the accuracy of finding
an approximate solution, the properties of the norm in linear spaces and the
properties of the Lagrange operator are used. To verify the stated method,
calculations are carried out in the computer algebra system Wolfram Mathematica.

Results and Discussion
Consider an equation of the form Ap(x)+B(1,9)(x) + C(Te)(x) = f(X) (1),

(To)() == [n(x Dl
f(t),h(x,t)

AB,C

— known constant

X €[a,b]

Where — regular integral,

coefficients — given, a gp(x) — desired function,

This equation is the Fredholm equation of the second kind, therefore the
problem of solving such an equation is correctly posed. We will solve this equation
with the collocation method.

Cla,b]

continuous space on [a’b]functions. Its rate is

|l = maxie)|

Denote by

a<x<b

determined by the formula

We write the computational scheme of the collocation method. An
approximate solution will be sought in the form of an algebraic polynomial

(pn(x)=§ak(x—a>k

(2),
Where are the unknowns a, we define from the condition of equality to zero
2)+1
X; = C0S T on
residuals in the nodes 2n+2 J=UnN,

We substitute this polynomial into the equation and transform it, considering
each term separately, it was shown that

T(k +1)

(12000 = Y&, (=) L P

Consider a special case when a=-1b= 1
Then we have

ANIS F. GALIMYANOQV / ALMAZ F. GILEMZYANOV / CHULPAN B. MINNEGALIEVA
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T(k +1)

(14.0)00 = Y3 (x+)" £ o

Consider the last term.
1 1 1 1 n )
(Te,)(X) == [h(x, ), (t)dt == [h(x,t)Y"a,(t +1)"dt =
T T k=0
L3 a [heotyt+Ddt
T k=0 3 ]

As a result, we obtain that the equation

Ag,(x) +B(17.9,)(X) +C(Te,)(x) = f(X)

matches the equation

n [k+) Co
Ap (X)+BYa (x+1)" +=Ya [h(xt)(t+1)"dt~ f (x
p0+BRa el Y s

j+1
X; =C0S . o
Substitute the nodes 2n+2 1= ’n, and get the collocation method
system:
[k+) Cg

Ag,(x)+BY.a,(x +1) ~Ya [h(x ~f(x _
ol Z T(k+1+a) mZ jl 1) @ i=0n

We present a theorem that we will use later when estimating the rate of
convergence of the exact and approximate solutions of the system.

Theorem 1. Let the following conditions be satisfied:

1) operator A1 X =Y ithas A™ _ limited:

Xp—oY —0 n —)oo,;
3)dlm X, =dimY =N(n)
1
Then starting with some such that ™ H n , the equation AMXH Yn

XnechX,yneYnCY’(eae XY : X cX

linear normalized spaces,
Y cY

— their arbitrary fixed finite-dimensional subspaces of the same dimension)

< 2

1oy

"y, —(q,

are uniquely solvable, and

ANIS F. GALIMYANOQV / ALMAZ F. GILEMZYANOV / CHULPAN B. MINNEGALIEVA
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If, moreover, is satisfied

N— that approximate solution X, = A1 Yo converges to

*_ A-L
the exact X=A ye X according to the norm X , at the same time, the error of
the approximate solution can be estimated by the inequality

Ix - H 71” q )

Based on a variant of the general theory of approximate methods of L. V.
Kantarovich proposed by B. G. Gabdulkhaev, we will prove the following theorem:

Theorem 2. Let the following conditions be satisfied:

1) the homogeneous equation corresponding to equation (1) has only a trivial
solution;

2) the right side of the equation (1) f (X) belongs C[_l,l];
3) core belongs C[—l,l]xC[—l,l];
J+1
X, = COS P
4) collocation nodes are 2n+2 J= n — Chebyshev nodes of the 1st

kind.

Then the system of collocation method (3) has the only solution {ak }0
or‘v’n 2N,

n
* * k
, (X)= Zak (x+1)
The approximate solution k=0 converges evenly to the exact

solution (p(x) the equations (1) in terms of spaceC[_l’l], the rate of
convergence is determined by the following ordinal ratio:

:o{(1+lnn)(En(f) +E (h)ec + nlj}
atn—>oo’

Where En(f)cu E, (h)CXc — best uniform element approximationsf and hon

X

variable view elements 'n ' and respectively.

®=F =C[-1]]

Evidence. We introduce the main space with the norm

el = mexio ()]

—1<x<1

ANIS F. GALIMYANOQV / ALMAZ F. GILEMZYANOV / CHULPAN B. MINNEGALIEVA
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® =H N H

Choose its subspace , where m — the set of all algebraic

polynomials of degree not higherm(rn < N) .

Equation (1) can be written as:
Kop=Ap+Bl p+CTp=1f @, fed

It can be noted that conditions 1, 3 imply that the operator T :C[_l’l] - C[_l’l]is

continuous. Then, by the Fredholm theory, we obtain that K d>D _ limited.
PKg, =K,p, =P (Ap, + Bl ¢, +CTgp,) =P, f

n

System (3) has the form

Take as an operator Pn Lagrange operator Pn - Lﬂ degrees !, built on collocation
nodes 4), which associates any function with its algebraic interpolation Lagrange
polynomial.

2

This operator has the following properties: P =F, that is, it is projection.

csc O(In n) N —> o0 4t

n

It is also known that ‘

5n:||f _Pnf||q>

We will consider . Add and subtract the best approximation

element Qn for function f and break into two norms. Then we get

S, <[t =Q,l, +IQ Rt

We use the property of the Lagrange operator that it leaves the polynomial of the
same degree unchanged.

5,<|t-Qy, +|PQ - Rf],
From the second term, we take the operator norm x and note that

[t -Ql, =E.(f),

In this way, 5” SHf _Qn @ +‘Pn q>—>q>HQn - fH@ = (1+‘ Pn q)_)@)‘f _Qn .

=O{A+NME,(1)y} >0 4n>c0.

Vo ed

Now take n and consider the value

[Kg, =K@, =|Ap, +BI%p, +CTp, ~P,(Ag, + Bl 0, +CTg, )

Q -

We divide the norm into terms

ANIS F. GALIMYANOQV / ALMAZ F. GILEMZYANOV / CHULPAN B. MINNEGALIEVA
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a

+ B If[1+¢n - Pn I—l+§0n

)

»,—Po,

o <A

Consider each addend separately.

@ + CHT¢n - PnTwn

Ko, —K o,

(I) 0

— P f— — —
It's obvious that ‘¢)n Pl ‘(p” Pn since the Lagrange, the operator has

the property that leaves the polynomial of the same degree unchanged.

a a
Now consider %0, —RlLe, >,

Add and subtract the best approximation eIementQn for function 1., and break
into two norms. Then we get

<%, -Q,

Q -kl

%0, - P10, ot

d) -

Again we use the property of the operator Lagrange
Iﬁngﬂ _Qn PnQn - Pnlft1+¢n
1.0, = Q,
Q-1%0,

<
®

1.0, -PlLo, T

o, From the second term, we take the

. =E(199,),
=@+|P],..)

n

operator norm Pn and note that
L0, -Plie), <|lhe,-Q), +P
(1+ P (I)~>(I))En(lj-+(0ﬂ)®

n

. As a result, we get

%0, —-Q,

o D0 o @

Consider the value En(l—“(pn)fb. We estimate this value using the following

theorem.

E

D. Jackson's theorem. If ~nthere is the best approximation of the function

E < 1260(E

f (x) eCl[a,b] 2n j 20e a)(5) — modulus

polynomials from " 'n, that

of continuity f (X) .

En (I j.+¢n )cp < 12(()(£j = 120)( I jl.+¢n ) Ej
n n

Thus, we get

By definition, the modulus of continuity is defined by the following formula
o(f,8)= sup|f(x)- f(x")
<2 vx',x" € C[a,b]

ANIS F. GALIMYANOQV / ALMAZ F. GILEMZYANOV / CHULPAN B. MINNEGALIEVA
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14 "
Take—1< X' <X" Then in our case, we have

—1+ nt
n [x x\<H

1 f 20 4 1 f 2,0 4
(@) 2 (X 1) T(a) 2 (x"—t)"™

—1<x'<x"”

(¢n’x)_|a ((pn’xﬂ)

= sup

[X'=X"|<

In the second integral, we divide the integration interval into two intervals
! ! 14
—l<t<X' X' <t<X", we add the module under the integral sign, we use the
supla—b| < sup|a| + suplb|

property and get the following
w[lahq)n’l]— Sup J (pn(t)lia dt‘l‘ Supj '(,pn(t)lia dt
n) T(a)|,. o1 (X'~ ) (X -1) e e| (X 1) 0 _
" . Evaluate the function ”n maximum
and make it for the integral sign
1), 1 1|
o 150, j-ma ¢,(X) sup dt +
( F(a) fod X x\< J.l

(X t)l o (X” _ t)l—oz

S S
15 (X”_t)l—a

Integral expressions are positive, so you can remove the modules and
calculate the remaining integrals

(l : ¢n, 1) B F(la) <0 ’ Xstje [(X,-I-l)a (X"-I-l)a + (X"_ X')aj-l-

n

a o a

(' =)’

r( ) Pl T e T

1 (X'=x) (4] (X+D)

F( )(0n Xxel[ a [ a a DJF
(X"_Xl)a

r( ) Pl 20 |
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(X" — X)* _((x"+l)“ e
a a

The magnitude j is positive. Since if the
integrand is positive, then the integral of it will be positive. By assumption

(XI!_XV)a (XI!+1)a B (X!_l_l)a

! "
—1< X' <X" magnitudes o o O and are also positive.
Therefore, we can discard the last term. We get the following

A ("-x)" [("+])" (X'+1)°
I%0,~ 1<=—ln,, SU - - 4
a)[ -1+(pn nj F(a) ¢ﬂ Q)X’X'El[ a ( a a
(XH _ X!)a

ol sup (X' =x)" _ ol sup +
(a) " pxist & D) pxst &

(X” _ Xf)a 2 (X” _ X!)a
@, @ Sup = ‘@n @ Sup -
['(a) xxjt & ['(a) xxjt &

This, in turn, can be estimated as

1
on

w(|i+¢nll)sz (pn . SUp (X _X) SL (pn
n r(a) \x’—x”\sl a r(a)

] a

Therefore, we obtain that

1 24
E I <120\ 1. ,— |=
n( —1+(Dn )(1) Cl)( —l+<0n nj F(a)

1
d)ana

?,

1

[0] ana

P

n

li(/)n - Pnl_a1+¢n \ < (1+ (DW)EH(&%)@ < (1+ P tb—»cb)zi b

Consequently F( )

It remains to consider the last term

Tg,~PTp)| =[Thg,-PThg| =[T(h-Ph)p, <h-P'h

b " o o) i Uy
Add and subtract the best approximation eIementQn for functionh, we
divide the norm into two components, again we use the property of the Lagrange

operator that it leaves the same degree of the polynomial without change from the

o = Ev(Maso

n

h—
second term, we derive the operator norm Pn and note thatH Q
As a result, we get

oo FIP el =D

HTq)n B Pan)nHm S Q‘h -Q, qnxcp)' H(ancp =
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=@+ [P, . )JE (M) ge

Pn

?,

0]

Vo e®

Thus, we have that

[P

n inequality holds
2L ), |
[oFe) F(a) ana

=0(Inn . : .
C>C (Inn) N —> 0 at, then we get the following ordinal ratio

= O£(1+ In n)(nia + E:(h)MJD-\

HK¢)n - an)n HK?” - Kn¢n

?,

n [

Ko, —K, 0,

n

As known, ‘

HKwn - ann P

0]

@SHK_K

?,

n q)n~>®‘

Magnitude @it

follows that

g, =|K-K,

¢ can be painted as

= o((1+ In n)(ni N E:(h)MD 50

As a result, we are in the conditions of Theorem 1, we find that the system

* [N
. . . >
of the collocation method (3) has a unique solution {ak}o for vn—no

an

approximate solution Q)ﬂ(x) of the form (2) converges uniformly to the exact

cl-11

solution (D(X) equations (1) in the norm of space the rate of

convergence is determined by the following ordinal ratio:

=0f,+,}= o{(1+ In n)(En(f)c +E N +1)}
ath—>©

-0, :

under Theorem proved.
Wolfram Mathematica Calculations

To test the method described, we used the computer algebra system
Wolfram Mathematica. This system is used in scientific calculations, for example.

—_(y _ A/t
To check the system of collocation method (3), take the function ¢(X) o (X a) :

con(x)=§oak(x—a)k

which is the exact solution of the system. — the function that

we found in the form of an algebraic polynomial, the coefficients a, are solutions of
system (3).
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Figure 1 plotted functions () and (pn(X) for 05=0,5, ﬂ:0’6, A=2 B :3,

8.
6L
I
41
2L
1 1 1 1 X
(10 105 0.5 1.0
Figure 1
The table shows the values of the functions. (D(X) and qz)n(X):

X -0,9 -0,7 -0,5 -0,3 -0,1 0,1 0,3 0,5 0,7 0,9
§D(X) 2,51189 | 1,61864 | 1,31951 | 1,15335 | 1,04304 | 0,96259 | 0,90039 | 0,85028 | 0,80876 | 0,77356
¢(X) 3,14621 | 1,53604 | 1,15642 | 1,16355 | 1,15178 | 1,02310 | 0,85649 | 0,77736 | 0,82696 | 0,83177
n
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[ 1.0 [ 05 0.5 1.0
Fig. 2
plotted with N =10

The table shows the values of the functions. (p(X) and gon(X) at N :10:
X -0,9 -0,7 -0,5 -0,3 -0,1 0,1 0,3 0,5 0,7 0,9
¢(X) 2,51189 | 1,61864 | 1,31951 | 1,15335 | 1,04304 | 0,96259 | 0,90039 | 0,85028 | 0,80876 | 0,77356
(D(X) 2,37658 | 1,74321 | 1,26319 | 1,15758 | 1,08413 | 0,92073 | 0,91900 | 0,86180 | 0,78954 | 0,77697
n

Summary

algebraic polynomial.

The stated collocation method allows solving equations of the form

Ap(x)+B(l,

@)(x) +C(To)(x) = f(X)_ The solution is sought in the form of an

«pn(x)=k"zoak(x—a)k

. As shown by calculations in the

Wolfram Mathematica system, with an increasing number of nodes, accuracy

increases.

Conclusions

Thus, a collocation method is proposed for solving an equation of the form

Ap(x)+B(l,

¢)(X)+C(T¢)(X) - f(X), which is the Fredholm equation of the

second kind. The method was verified using a function that is an exact solution to
the equation. The necessary theorems are proved and formulas are derived for
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estimating the rate of convergence of an approximate solution of an equation to an
exact solution. Calculations in the computer mathematics system have shown that
when searching for a solution to an equation in the form of an algebraic
polynomial, to achieve the required accuracy, it is necessary to increase the

2)+1
XJ- = COS /4
number of nodes 2n +
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